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PROBLEM S

Q1. Isolated vertices. Let pn = (logn + ¢,)/n.
(a) Show that, as n — oo,
0 if ¢, > —o0,

P(G(n, p,) has no isolated vertices) —
1 ife, = .

(b) Suppose ¢, — ¢ € R, compute, with proof, the limit of LHS above as n — oo, by
following the approach in C3.

C3. Poisson limit. Let X be the number of triangles in G(n, ¢/n) for some fixed ¢ > 0.

(a) For every nonnegative integer k, determine the limit of E(),:) as n — 0.

(b) Let Y ~ Binomial(n,\/n) for some fixed A > 0. For every nonnegative integer k,
determine the limit of ]E(i) as n — 0o, and show that it agrees with the limit in (a) for
some A = A(¢).

We know that Y converges to the Poisson distribution with mean A. Also, the Poisson
distribution is determined by its moments.

(c¢) Compute, for fixed every nonnegative integer ¢, the limit of P(X =t¢) as n — oo.

(In particular, this gives the limit probability that G(n,c/n) contains a triangle, i.e.,
lim,, oo P(X > 0). This limit increases from 0 to 1 continuously when ¢ ranges from 0 to

+00, thereby showing that the property of containing a triangle has a coarse threshold.)
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